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Abstract
In this paper we study the propagation in a de Sitter universe of
gravitational waves generated by perturbating some unspecified spher-
ical astrophysical object in the frequencies domain. We obtain the
axial and polar perturbation equations in a cosmological de Sitter uni-
verse in the usual comoving coordinates, the coordinates we occupy in
our galaxy. We write down the relevant equations in terms of Laplace
transform with respect to the comoving time t instead of the usual
Fourier one that is no longer available in a cosmological context. Both
axial and polar perturbation equations are expressed in terms of a non
trivial mixture of retarded-advanced metric coefficients with respect
to the Laplace parameter s (complex translation). The axial case is
studied in more detail. In particular, the axial perturbations can be
reduced to a master linear second-order differential equation in terms
of the Regge-Wheeler function Z where a coupling with a retarded Z
with respect to the cosmological time t is present. It is shown that a de
Sitter expanding universe can change the frequency ω of a gravitational
wave as perceived by a comoving observer. The polar equations are
much more involved. Nevertheless, we show that also the polar per-
turbations can be expressed in terms of four independent integrable
differential equations.
Keywords: gravitational waves, cosmological constant, de Sitter universe,
Regge Wheeler equation, Laplace transform
PACS Numbers: 04.30.-w, 04.20.-q
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1 Introduction
The recent detection of gravitational waves [1] (GW150914 event) represents
the birth of the gravitational wave astronomy. The usual mathematical
treatment for the gravitational wave equations (see for example [1]-[9] and
references therein) assumes an asymptotically flat time-independent back-
ground. Einstein’s equations are thus linearized about the chosen back-
ground. However, the standard cosmological model is formulated in terms
of a Friedmann flat metric equipped with a positive cosmological constant Λ.
Gravitational wave perturbation equations have been obtained and solved
in [10] by using Fourier transform in the static patch of a de Sitter universe.
Their equations show that effects due to Λ on these equations are negligible.
However, it is natural to ask about potential effects arising in a non-static
universe. In this case, the background is no longer time independent and
the usual approach using the Fourier transform is generally not applicable
since the metric coefficients are no longer Fourier integrable with respect to
t. In particular, in a de Sitter universe, the presence of the unperturbed
scale factor a(t) = eHt,H2 = Λ/3 makes the use of the Fourier transform
problematic.
For an application of gravitational perturbations in a cosmological context
relevant to the quantum primordial spectrum the reader should refer to the
seminal papers by Grishchuk (see for example [21, 22]).
The issue concerning the formulation of a suitable mathematical frame-
work for a gravitational wave theory in the non-static patch of a de Sitter
spacetime has been addressed in the papers [11, 12, 13, 14]. There, the au-
thors analyze in great detail the asymptotic structure leading to a suitable
mathematically sound formulation allowing a study of gravitational waves
propagating in a de Sitter universe. Their equations substantially confirm
that also in the non-static patch of a de Sitter universe observable effects
caused by the present-day value of Λ are negligible. Recently [15], the atten-
tion focused on possible effects caused by Λ on gravitational waves traveling
in a de Sitter universe. The author of [15], for the purpose of write down
and integrate the perturbation equations Fourier transformed with respect
to the time coordinate, considered a de Sitter spacetime expressed in the
Bondi-Sachs formalism. Since in the Bondi-Sachs formalism the metric is
independent from the time coordinate u, he can solve the relevant equations
using Fourier transform. Also in this case, the conclusion is that the effects
caused by Λ are small provided that the frequency of the traveling wave
is not too low. In the de Sitter background, the Bondi-Sachs coordinates
can be easily obtained and so also the perturbated form of the metric. As
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noticed in [15], to express a generic metric in the Bondi-Sachs form a nu-
merical integration is requested, making this method no longer suitable for
cosmological backgrounds different from the de Sitter one.
From the reasonings above, the necessity is thus evident of a deep under-
standing of the features of gravitational waves in a cosmological context. The
usual approach [3]-[10] in terms of tensorial spherical harmonics has proved
very succesful to study perturbations of static and stationary spherical stars
and black holes and to study the spectrum of frequencies of quasi-normal
modes in terms of the famous Regge-Wheeler and Zerilli master equations.
In a cosmological context [18, 19], in order to study the spectrum of primor-
dial inflation, the interest mainly focused on cosmological perturbations. In
this approach, with the spatial translational invariance of the background
metric, a Fourier transform in the wavenumber space k is performed and
the perturbation metric functions hik(r, t) can be studied in the space (k, t).
However, it is also interesting both theorically and practically to wonder how
a cosmological background can affect the propagation of a gravitational wave
in the frequencies space ω (conjugate to t) rather than in the wavenumber
space k, by mimicking the usual appraches of the stationary cases [3]-[10].
This can be useful to study, for example, the quasi-normal modes emitted by
a spherical star or by a black hole embedded in an expanding universe. This
paper is the first attempt to generalize the formalism used in the station-
ary case for the search of quasi-normal modes derived in the seminal works
[2, 3, 4] to a cosmological time dependent context. Moreover, our attention
is not focused on the study of cosmological perturbations and the related
topic concerning the evolution of cosmic structure or primordial fluctuations
during inflation, although linear tensorial modes (i.e. gravitational waves)
are generated during the primordial inflation and some relation between the
results of this paper and the usual ones can be outlined.
Unfortunately, a cosmological background (Friedmann universes) is time
dependent and the usual approach used for the stationary case in the fre-
quencies space by means of Fourier transform is rather problematic. Our
mainly purpose is thus to study a possible generalization of the usual tech-
nique in the frequencies space. We show that this is possible by using, from
the onset, the Laplace transform.
Since papers [11, 12, 13, 14, 15] analyse the physical effects caused by Λ
in a de Sitter universe, our attention is mainly focused on the mathematical
derivation and study of the relevant equations. The study of propagation of
gravitational waves in an expanding universe can be found in [16, 17]. In [16]
the authors write down the axial equations in a generic Friedmann universe
in relation to the Huygens principle. In [17] also the polar case is considered
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for a de Sitter universe. In both cases the authors use conformal time and
manage the equations by using the Fourier transform in wavenumber space
conjugate to the spatial coordinate r by Fourier transform.
Our main goal in this paper is to study the perturbation equations in the
frequencies space for a gravitational wave traveling in a de Sitter universe
and generated from some unspecified astrophysical source (binary system,
black hole merging..). These perturbations are done with respect to the
comoving cosmic time t. This choice is due to the fact that we want to de-
scribe possible effects on the frequencies domain on a traveling wave caused
by the cosmological constant as perceived by our point of observation within
a comoving galaxy with our proper time t.
In section 2 we specify the gauge, while in section 3 the linearization
procedure of the relevant equations is summarized in detail. In section 4 we
write down the axial equations and in section 5 we study the effect on the
frequencies space due to the cosmological constant. In section 6 a study of
the solution at the order o(H) is done. In section 7 we briefly analyse the
integrability structure of the polar equations. Finally, section 8 is devoted
to some conclusions and final remarks.
2 The perturbed metric
The starting point of our study is the de Sitter metric expressed in the usual
comoving coordinates (we take G = c = 1)
ds2 = dt2 − e2Ht (r2 sin2 θ dφ2 + dr2 + r2dθ2) . (1)
We indicate with g
(0)
ik the unperturbed metric (1) and with hik a small
perturbation |hik| << |g(0)ik |:
gik = g
(0)
ik + hik. (2)
As usual, the spherical simmetry of g
(0)
ik allows to write hik in a basis of spher-
ical tensorial harmonics [3, 4] expressed in terms of the spherical Legendre
polynomials Yℓm(θ, φ), ℓ ∈ N,m ∈ Z,m ∈ [−ℓ,+ℓ]. The polar perturbations
hpik under parity operator look like (−1)ℓ, while the axial ones haik look like
(−1)ℓ+1. We can specify four gauge conditions to simplify the expressions
for hik = h
p
ik + h
a
ik. We use the diagonal gauge present in [5, 6, 7, 8, 9].
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Hence, for haik we have
haik =


(t) (φ) (r) (θ)
0 h0 sin θ Yℓm,θ 0 −h0 1sin θYℓm,φ
h0 sin θ Yℓm,θ 0 h1 sin θ Yℓm,θ 0
0 h1 sin θ Yℓm,θ 0 −h1 1sin θ Yℓm,φ
−h0 1sin θYℓm,φ 0 −h1 1sin θ Yℓm,φ 0

 ,
(3)
while for hpik we obtain
hpik =


(t) (φ) (r) (θ)
2NYℓm 0 0 0
0 −2r2 sin2 θe2Ht H11 0 −r2V Xℓm
0 0 −2e2HtLYℓm 0
0 −r2V Xℓm 0 −2r2e2HtH33

 . (4)
The axial perturbations (3) depend on two functions h0(t, r), h1(t, r), while
the polar perturbations (4) depend on four functionsN(t, r), L(t, r), T (t, r), V (t, r).
Moreover
Xℓm(θ, φ) = 2Yℓm,θ,φ − 2 cot θ Yℓm,φ (5)
Wℓm(θ, φ) = Yℓm,θ,θ − cot θ Yℓm,θ − 1
sin2 θ
Yℓm,φ,φ
H11(t, r, θ, φ) = TYℓm +
V
sin2 θ
Yℓm,φ,φ + V cot θ Yℓm,θ
H33(t, r, θ, φ) = TYℓm + V Yℓm,θ,θ. (6)
The line element thus becomes
ds2 = dt2 − e2Ht (r2 sin2 θ dφ2 + dr2 + r2dθ2)+ (7)
+
∑
ℓm
{
2N(t, r)Yℓmdt
2 − 2e2HtL(t, r)Yℓmdr2 −
− 2r2 sin2 θe2HtH11(t, r, θ, φ)dφ2 − 2r2e2HtH33(t, r, θ, φ)dθ2 +
+ 2h0(t, r) sin θ Yℓm,θ dtdφ− 2h0(t, r)
Yℓm,φ
sin θ
dtdθ +
+ 2h1(t, r) sin θ Yℓm,θ drdφ− 2h1(t, r)
Yℓm,φ
sin θ
drdθ −
− [4r2V (t, r)Yℓm,θ,φ − 4r2V (t, r) cot θ Yℓm,φ] dθdφ
}
.
In the following, we use the metric (7) to obtain linearized Einstein’s equa-
tions for the perturbed metric coefficients.
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3 Perturbation of the field equations and Laplace
transform
A convenient way to simplify the perturbed equations is to introduce a
tetradic basis of four vectors e(a)i (a = t, r, θ, φ), with the usual property
that ei(a)e(b)i = η(a)(b) with η(a)(b) = diag(1,−1,−1,−1). The field equations
are thus proiected onto e(a)i, i.e. G(a)(b) = 2T(a)(b)+Λη(a)(b), and perturbed.
We have δG(a)(b) = 2δT(a)(b) + δ(Λη(a)(b)). For the unperturbed metric we
have
eit = (1, 0, 0, 0), (8)
eiφ =
(
0,
1
reHt sin θ
, 0, 0
)
,
eir =
(
0, 0,
1
eHt
, 0
)
,
eiθ =
(
0, 0, 0,
1
reHt
)
,
Gtt = 3H
2, Gφφ = −3H2r2 sin2 θe2Ht, Grr = −3H2e2Ht, Gθθ = −3r2H2e2Ht.
For the perturbed metric we have 1:
δG(a)(b) = δ
(
ei(a)e
k
(b)Gik
)
= 2δ
(
ei(a)e
k
(b)Tik
)
, (9)
δGik = δRik − hik
2
R+
1
2
g
(0)
ik Rlmh
lm − 1
2
g
(0)
ik g
(0)lmδRlm,
and also
δei(t) =
[
−NYℓm, h0
r2e2Ht sin θ
Yℓm,θ, 0,− h0
r2e2Ht sin θ
Yℓm,φ
]
,
δei(φ) =
[
0,− H11
reHt sin θ
, 0, 0
]
,
δei(r) =
[
0,
h1
r2e3Ht sin θ
Yℓm,θ,− L
eHt
Yℓm,− h1
r2e3Ht sin θ
Yℓm,φ
]
,
δei(θ) =
[
0,− V
re3Ht sin2 θ
Xℓm, 0,− H33
reHt
]
. (10)
Concerning the energy momentum tensor Tik, for a de Sitter universe we
obviously have δTik = 0. We are considering gravitational waves traveling
1In all cases we consider only perturbations associated to gravitational waves, i.e. ℓ ≥ 2.
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in a de Sitter universe. Hence, the generation of a gravitational wave is not a
consequence of the perturbation of Λ, but the gravitational wave perturbates
the spacetime metric2. We thus have
δG(a)(b) = −δ(Λ η(a)(b)) = −Λ δη(a)(b) = 0. (11)
In (11) we used the fact that η(a)(b) is a constant metric tensor
3. Moreover,
note that if we consider a Friedmann metric equipped with a perfect fluid
Tµν = (ρ+ p)uµuν − pgµν , the term Λgµν can be obviously seen as a perfect
fluid with ρ = −p, {ρ, p} ∈ ℜ. However, in the case of a gravitational wave
traveling in a Friedmann universe with Tµν 6= 0, we generally expect that
{δρ, δp} 6= 0 since the perturbed hydrostatic equation [5, 6] implies that
δp ∼ (ρ+ p) (that is vanishing for the de Sitter case).
In the usual approach, the metric coefficients hik are Fourier transformed
with respect to the frequency ω: the real part ω denotes the proper frequency
of the wave, while the complex part the damping rate. Unfortunately, for
the metric (1) and more generally in a time dependent cosmological context,
Fourier transform cannot be available. In fact, the expansion factor a2(t) =
e2Ht is no longer Fourier integrable, in particular for t ∈ [−∞,∞]. However,
it is Laplace transformable, provided that the abscissa of convergence a0
is greater than 2H with Le2Ht(s) =
∫
∞
0 e
2Hte−stdt. The more convenient
strategy for the metric (1) is the following. First of all, we must obtain the
perturbation equations by taking the time dependence left explicit. Only
after the equations have been obtained, we use Laplace antitransform. As
an example, by denoting with A(t, r) = {N,L, T, · · · } a generic perturbed
metric coefficient of (3) or (4), the following texture will be used:
e±2HtA(t, r) = e±2Ht
1
2πı
lim
b→+∞
∫ a0+ıb
a0−ıb
A(s, r)estds =
=
1
2πı
lim
b→+∞
∫ a0+ıb
a0−ıb
A(s∓ 2H, r)estds, (12)
e±2HtA,t,t(t, r) =
1
2πı
lim
b→+∞
∫ a0+ıb
a0−ıb
(s ∓ 2H)2A(s∓ 2H, r)estds,
provided that ℜ(s) > 2H, a0 > 2H and after using known properties of
Laplace transform. Since by definition |{A(t, r)}| << 1, the perturbed met-
ric coefficients {A(t, r)} are supposed to be Laplace transformable (together
2In practice, the gravitational wave is assumed to have no interaction with Λ.
3This is the reason for which perturbation equations simplify in a tetradic formalism.
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with their partial derivatives) ∀s > 0. Laplace transformability in presence
of the expansion factor e2Ht implies that ℜ(s) > 2H.
Moreover, the {A(t, r)} are supposed to have non-vanishing support for a
given initial time ti that can be chosen, without loss of generality, to be zero.
This is a realistic situation because perturbations are generated at a given
finite time. However, since we work with Laplace transformate {A(s, r)},
the initial value plays no role.
The advantages of the use of Laplace transform with respect to other
approaches are:
1. We can adopt the usual comoving coordinates where Friedmann met-
rics assume simple expressions.
2. Since a large class of cosmological expansion factors a(t) are Laplace
transformable, there is hope to generalize our method to a generic
cosmological model.
3. In a cosmological context the universe begins with a big bang at t = 0
or at t = 0 with a de Sitter phase. Hence the perturbations cannot be
integrated in the whole range t ∈ (−∞,+∞)
4. The perturbating equations are expressed in a clear gauge and as a
result the identification of tensorial modes with respect to gauge modes
can be made without any ambiguity.
To the best of our knowledge, the use of the Laplace transform in a cosmo-
logical context is completely new.
In the next sections, we apply the technique depicted above. We analyze
in great detail the axial case, since the linearized axial equations are more
simple to manage with respect to the polar ones. Nevertheless, also for the
polar case we show that the system of equations is integrable. We stress
that our attention is mainly focused on the method rather than on the
effects of Λ on the traveling waves: for this purpose the reader can see the
very interesting papers [11, 12, 13, 14, 15]. Concerning the notation, in the
following sections, with h0(t, r), h1(t, r) · · · we mean h0ℓm(t, r), h1ℓm(t, r) · · · :
in practice the dependence of the perturbed metric coefficients from the
Legendre indices ℓ,m is implied.
4 Axial perturbations
The relevant equations for the polar perturbations are given by the tetradic
components (t)(φ), (φ)(r), (φ)(θ). After the usual variables separation we
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obtain:
−(n+ 1)h0(t, r)
r2
+
h0,r,r(t, r)
2
+Hh1,r(t, r) +
+
2Hh1(t, r)
r
− h1,t(t, r)
r
− h1,t,r(t, r)
2
= 0, (13)
−h0,t(t, r)
r
+
h0,t,r(t, r)
2
− Hh0,t(t, r)
r
+
Hh0,r(t, r)
2
− nh1(t, r)
r2
e−2Ht −
−h1,t,t(t, r)
2
+H2h1(t, r) +
Hh1,t(t, r)
2
= 0, (14)
h1,r = Hh0e
2Ht + e2Hth0,t, (15)
where 2n = (ℓ− 1)(ℓ+ 2). For H = 0 the equations (13)-(15) reduce to the
ones in [7]. After using Laplace antitransform and following the notation of
equations (12) we have:
−(n+ 1)
r2
h0(s, r) +
h0,r,r(s, r)
2
+Hh1,r(s, r) +
2H
r
h1(s, r)−
−s
r
h1(s, r)− s
2
h1,r(s, r) = 0, (16)
−s
r
h0(s, r) +
s
2
h0,r(s, r)− H
r
h0(s, r) +
H
2
h0,r(s, r)− n
r2
h1(s+ 2H, r)−
−s
2
2
h1(s, r) +H
2h1(s, r) +
sH
2
h1(s, r) = 0, (17)
h1,r(s+ 2H, r) = Hh0(s, r) + sh0(s, r). (18)
Equation (18) can be written in the equivalent form:
h1,r(s, r) = (s −H)h0(s− 2H, r). (19)
In the usual treatment using Fourier transform in a stationary asymptoti-
cally flat spacetime, equations (16) and (17) are dependent and the indepen-
dent equations chosen are the (17) and the (18). In our case, we have three
equations depending on ’retarded’ and ’advanced’ functions with respect to
the Laplace parameter s4. To start with, consider equation (17) derived with
respect to ”r” and subtract the equation so obtained to the (16) multiplied
by (s +H). As a result we obtain, after using the (18), the trivial identity
0 = 0. Hence, also in presence of H, equations (16) and (17) are dependent.
Hence, we have at our disposal equations (17) and (18). We are now in the
4Since this behaviour does not happen in the time domain t, this ’retarded’ and ’ad-
vanced’ dependence of the field equations merely does imply translations with respect to
the complex parameter s.
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position to write down the generalized Regge-Wheeler equation present in
[7]. We can use the (18) to express h0(r) in terms of h1,r(s + 2H, r) After
introducing the Regge-Wheeler function Z(s, r) as h1(s, r) = rZ(s, r) and
its retarded counterpart as h1(s+ 2H, r) = rZ(s+ 2H, r), we obtain
Z,r,r(s + 2H, r)− 2(n + 1)
r2
Z(s+ 2H, r) = (s+H)(s − 2H)Z(s, r), (20)
or
Z,r,r(s, r)− 2(n + 1)
r2
Z(s, r) = (s−H)(s − 4H)Z(s− 2H, r), (21)
Equations (20) and (21) obviously reduce for H = 0 to the usual Regge-
Wheeler equation in a Minkowski spacetime [7].
5 A frequency study
The use of Laplace transform to study gravitational waves is the major nov-
elty present in this paper. In this section we show that this new approach
allows one to obtain some interesting results concerning the perceived fre-
quency of a traveling gravitational wave. As stressed at the introduction,
the use of Laplace transform is essential in order to study the effects due to
the expanding universe on the frequencies spectrum of a traveling gravita-
tional wave generated from some unspecified astrophysical source, outside
the astrophysical source. The perturbations are expanded in the frequencies
space with respect to the cosmological proper time t, the time we measure
within our galaxy: this is the natural choice if we consider a frequency study.
For the actual small value of the cosmological constant, as shown in [15],
these corrections give small effects. However, the coupling between Z(s, r)
and Z(s− 2H, r) takes evident, as shown in [11, 12, 13, 14], the difficulty of
identifying a gravitational wave in a cosmological context. In particular, the
presence of H changes the usual expression of the wave equation suitable for
a wave propagating in a flat Minkowski spacetime that in Laplace transform
is given by
Z,r,r(s, r)− ℓ(ℓ+ 1)
r2
Z(s, r)− s2Z(s, r) = 0. (22)
With respect to the (22), consider a gravitational wave propagating in the
vacuum with frequency ω ∈ ℜ.
How we can physically consider the parameter s ? First of all, we can ob-
viously write s = −ıω + s0, where |ω| can be seen as the real (angular )
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frequency of propagation of the Fourier mode ω. In a Minkowski spacetime
Z(r, t) is Fourier integrable and by setting s0 = 0 in (22) we regain the ex-
pression present in [7]. In fact, for a function whose abscissa of convergence
is zero the (bilateral) Laplace transform coincides with the Fourier one.
Thanks to the meaning of the abscissa of convergence s0, the Laplace anti-
transform converges, apart from a zero measure Lebesgue set, to the original
function ∀ℜ(s) ≥ s0. What seems physically relevent is the Inf{ℜ(s)}. In
fact, for the (22) the physical frequency related to the mode s is obtained
by considering s0 = 0, ω ∈ ℜ. Hence, the real angular frequency, perceived
(measured) by a physical observer at rest in a Minkowski vacuum, is given
by the following formula:
ω2 = lim
ℜ(s)→0
(−s2). (23)
In our context, since of the presence of e2Ht in the metric and in (21), we
have ℜ(s) > 2H. According to the reasonings above, we may assign to
s0, and in particular to the Inf{ℜ(s)}, a physical meaning. In practice, a
non-vanishing s0 means that the frequency really measured by an observer
(comoving) with respect to the time t is no longer given by ω, but it is
modified by an amount depending on Inf{ℜ(s)}. This implies that the ex-
pansion of the universe can modify the frequency of emission ω, as measured
by a comoving observer, by a quantity that, according to the equation (21)
with the term Z(s− 2H, r), it depends on the Infℜ(s). If this interpretation
is correct, we can thus define an effective perceived angular frequency ωp
given by
ω2p = ℜ
(
lim
ℜ(s)→2H
−s2
)
= ω2 − 4
3
Λ. (24)
The formula (24) shows that the modes generated with angular frequency ω
of the order of
√
Λ are strongly modified by the expansion of the universe.
Since
√
Λ ∼ 10−18Hz, we expect that ordinary sources are not affected by
the expansion of the universe. We also expect that modes with ω ∼ H
have practically ωp ∼ 0, i.e. gravitational waves propagating with frequency
ω ∼ H are perceived as frozen (standing waves) by a comoving observer.
Conversely, modes with ω >> H, as suggested by physical intuition, are
practically left unchanged by a de Sitter expanding universe. Moreover, if
s0 < 0 then the perturbation is Fourier integrable and and it is equivalent to
the case Infℜ(s) = 0. These considerations in the frequency domain can be
compared with the usual ones obtained in the wavelength domain by con-
sidering tensorial perturbations (i.e. gravitational waves) during primordial
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inflation [18, 19, 20]. In the usual approach concerning tensorial perturba-
tions of a de Sitter spacetime or of a generic Friedmann flat spacetime, the
following form of the metric is used in terms of the conformal time η:
ds2 = a2(η)
[
dη2 − (δij + hij)dxidxj
]
, (25)
where generally the perturbating term hij is a traceless tensor described
by two degrees of polarization 5 h1, h2. The usual analysis [18, 19, 20] can
be obtained by Fourier expanding h1, h2 in the wavelength space k. As
well known, standard results imply that proper modes k/a(η) such that
k/a(η) << H/c are frozen. Since for the proper wavelength λp we have
λp ∼ a(η)/k, with k/a(η) << H/c we have over (Hubble) horizon modes.
Conversely, modes with k/a(η) >> H/c (under Hubble horizon modes) are
practically left unchanged by the de Sitter expansion.
As a consequence of these reasonings, our proposed interpretation of the
Laplace parameter s, and in particular of its abscissa of convergence s0, is in
agreement with standard results obtained in the cosmological perturbations
theory during primordial inflation. Similar results can be found in [15] but
with respect to a different time coordinate. The advantage of our approach
is thus to read the effects of Λ on the frequencies measured with respect to
the proper cosmic time t in a clear physical way.
If our physical interpretation of s0 is correct, then some arguments on
the nature of the cosmological constant can be outlined. In fact, in [23] it
has been proposed that in a de Sitter expanding universe the cosmological
constant Λ can be seen as composed of gravitons near a Bose-Einstein con-
densate phase. The fact that modes with frequencies ω ∼ H are frozen may
be a consequence of the fact that in a de Sitter universe, gravitons that even-
tually compose Λ, all have a mean frequency ω of the order of H ∼ √Λ (see
[23]). Hence, for a comoving observer gravitational modes with ω ∼ H could
be indistinguishable from the background gravitons bath and thus he/her
observes a practically frozen wave. This phenomenon may be the analogous
of the one concerning light propagating in a medium. In particular, as well
known, a very cold medium can slow down an electromagnetic wave.
In a cosmological context, with a de Sitter universe (cosmological constant)
[24] can be associated a Hawking temperature Th proportional to
√
Λ. With
the actual very small value of Λ, we expect a very cold universe with Th ∼ 0.
Hence a gravitational wave with ω ∼ 1/√Λ could be frozen by the very cold
background.
5Note the analogy with the axial case described by the transverse gauge given by (3).
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At this point, it is thus natural to ask what could happen if the same
study in frequencies domain is performed in a background different from
the de Sitter one. According to the reasonings above, if we consider a
background such that for t → ∞ we have, for example, a(t) > Mes0t with
M ∈ ℜ,∀s0 ∈ ℜ, perturbations are no longer Laplace integrable and as a
consequence a comoving observer should see a rapidely decaying wave.
Conversely, consider a Friedmann background with, for example, a power law
expansion scale factor a(t). In this case we have s0 = 0 and according to our
interpretation for s0, formula (23) holds true and as a result the frequency
perceived by the comoving observer is left unchanged, while obviously the
equation for Z(s, r) is not expected to be the one given by the vacuum case
(22). In fact, by considering for example the radiation case with a(t) ∼ √t,
instead of the (15) we have
h1,r(t, r) = h0(t, r) + 2t h0,t(t, r). (26)
Hence, after Laplace transform application, instead of the (18) we obtain
h1,r(s, r) = −h0(s, r)− 2s h0,s(s, r). (27)
In equation (27) the ’retarded’ behaviour Z(s − 2H, r) disappeared and
instead we have ordinary derivatives with respect to the Laplace parameter
s (see equation (34)).
Summarizing, according to our proposed interpretation for s0, the de
Sitter case is the only one where the frequency of the traveling gravitational
wave as perceived from a comoving observer is changed with respect to the
’emission’ value ω. In practice the frequency ω can be seen as the one
measured by a freefalling observer. Such modification of ω is relevant when
ω ∼ H and negligible when ω >> H. For Friedmann spacetimes filled with
ordinary matter-energy, this phenomenon does not happen. This motivate
the hypothesis that the cosmological constant can be composed of gravitons
with mean frequency ω of the order of H, as conjectured in [23].
6 A perturbative study of the Regge-Wheeler equa-
tion
First of all, note that the effects of H are present also in the term multiplied
by s2. This is an interesting fact since in the Laplace transformed wave
equation the term with s2 (−s2 in Fourier transform with ℜ(s) = 0 ) is
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related to the term Z,t,t. This means that the expansion acts in a non-
trivial way also on the traveling gravitational wave. Mathematically, this
means that the modified wave equation can be written as:
[
−e2Ht∂tt + ∂rr − ℓ(ℓ+ 1)
r2
]
Z(t, r) + e2Ht
[
H∂t + 2H
2
]
Z(t, r) = 0. (28)
Equation (28) can also be written in the equivalent way:
[
−∂tt + e−2Ht∂rr − e−2Ht ℓ(ℓ+ 1)
r2
]
Z(t, r)+
[
H∂t + 2H
2
]
Z(t, r) = 0. (29)
The (29) is a consequence of variables separation.
By considering Z(t, r, θ, φ) = Z(t, r)C
−
3
2
ℓ+2(θ)e
ımφ, where C
−
3
2
ℓ+2(θ) denote Gegen-
bauer functions [2], we have for the (29)
−Z(t, r, θ, φ) + [HZ,t(t, r, θ, φ) + 2H2Z(t, r, θ, φ)] = 0,
 = gµν∇µ∇ν = −e−2Ht∇2 + ∂
2
∂t2
, (30)
where  is the D’Alambertian operator in the de Sitter spacetime (1). The
equation (30) is similar to the one of scalar perturbations on a de Sitter
background with potential function V (Z) ∼ H2Z2. To solve the (29) one
could, as shown in [20], to use the following ansatz. By using Cartesian
coordinates, we have:
∞∑
k=0
[
Ak(x, y, z)e
−kHt +Bk(x, y, z)te
−kHt
]
, (31)
where the solution can be obtained for Ak and Bk after insertion in the
(30).
In this paper we are mainly interested to the generalization of the usual
technique suitable in a static background in the frequency space to cosmo-
logical spacetimes and solving the relevant equations with respect to r.
Equation (21) (or its rescaled form (45)), can be written as
Z,r,r(s, r)− ℓ(ℓ+ 1)
r2
Z(s, r)− s2Z(s, r) = (32)
= s2 [Z(s− 2H, r)− Z(s, r)]−H(5s − 4H)Z(s− 2H, r).
The first member of the (32) is nothing else but the usual Regge-Wheeler
equation in a Minkowski spacetime. Physically, the right hand side of (32)
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can be seen as a forcing term describing the interaction between the traveling
wave and the cosmological constant. The presence of the retarded function
Z(s− 2H, r) in the parameter space s indicates, as shown in section 5, that
the expanding universe changes the frequency of the wave as perceived by a
comoving observer.
We can use the actual very low value of H ∼ 10−26/m2 to perform some
simplification. To this purpose, consider the term proportional to s2 on the
right side of (32). We can use the following approximation:
[Z(s− 2H, r)− Z(s, r)] = [Z(s− 2H, r)− Z(s, r)]−2H (−2H) =
= −2HZ,s(s, r) + o(H). (33)
As a result, at the order H and neglecting terms o(H), equation (32) be-
comes:
Z,r,r(s, r)− ℓ(ℓ+ 1)
r2
Z(s, r)−s2Z(s, r) = −2Hs2Z,s(s, r)−5HsZ(s, r). (34)
We can study the general solution of the (34) in this approximation. We
can expand the solution Z(s, r) in powers of H. After introducing a small
parameter ǫ, we have:
Z(s, r) = Z(0)(s, r) + ǫZ(1)(s, r) + ǫ2Z(2)(s, r) + · · ·+ ǫnZ(n)(s, r). (35)
We must insert the (35) in the (34). At the order ǫ, we thus have:
Z(1),r,r(s, r)−
ℓ(ℓ+ 1)
r2
Z(1)(s, r)−s2Z(1)(s, r) = −2Hs2Z(0),s (s, r)−5HsZ(0)(s, r),
(36)
where Z(0)(s, r) is the solution of the Regge-Wheeler equation for H = 0.
We can write the ’known’ solution for Z(0). We have:
Z(0)(s, r) = e(−sr)
[
A0 +
A1
r
+
A2
r2
+ · · ·+ Ak
rk
]
+
+B0e
(sr)
[
A0 − A1
r
+
A2
r2
+ · · ·+ Ak
rk
]
Ak =
Ak−1
2ks
[ℓ(ℓ+ 1)− k(k − 1)] , (37)
where B0 is a constant. The general solution for the (36) is given by the
general solution of the homogeneous equation summed to the particular
solution of the inhomogeneous one.
We are now in the position to obtain the solution of (36). In the next
subsections we consider the quadrupole (ℓ = 2) and the sextupole (ℓ = 3)
cases.
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6.1 ℓ = 2
For ℓ = 2 we have
Z
(0)
2m = A0e
−sr
[
1 +
3
sr
+
3
s2r2
]
+ (38)
+B0A0e
sr
[
1− 3
sr
+
3
s2r2
]
.
After inserting the (38) we obtain for the particular solution Z
(1)
p :
Z(1)p = e
−sr
[
Q1r
2 +Q2r +Q3
]
+ (39)
+Besr
[
Q1r
2 −Q2r +Q3
]
,
Q1 = −A0Hs
2
, Q2 =
A0H
2
, Q3 =
A0H
2s
,
with B ∈ ℜ. Hence for the general solution we have
Z2m(s, r) = Ae
−sr
[
1 +
3
sr
+
3
s2r2
]
+ (40)
+Besr
[
1− 3
sr
+
3
s2r2
]
+
+A0e
−sr
[
−sH
2
r2 +
H
2
r +
H
2s
]
+
+B0e
sr
[
−sH
2
r2 − H
2
r +
H
2s
]
.
where A is a generic constant. From a first inspection of the (40), we see
that corrections caused by H do appear with the dominant one proportional
to r2. Certainly for rH << 1 these corrections are completely negligible.
Conversely, for rH ∼ 1, this term becomes no longer negligible and effects
on the propagation of the gravitational wave can arise, although a more
rigorous coordinate independent study [15] shows that these effects can be
ignored from the point of view of the detection of gravitational waves. Also
note that a de Sitter universe is equipped with apparent horizon and future
event horizon. There, as well known, the asymptotic behaviour is useless.
At the actual cosmological time t0, we have that the proper areal radius of
the universe looks like L ∼ 1/H and in our case, since eHt is of the order of
unity, r ∼ 1/H is of the order of the proper radius of our visible universe.
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6.2 ℓ = 3
For ℓ = 3 we have
Z
(0)
3m = A0e
−sr
[
1 +
6
sr
+
15
s2r2
+
15
s3r3
]
+ (41)
+B0e
sr
[
1− 6
sr
+
15
s2r2
− 15
s3r3
]
.
With the same technique of the subsection above we obtain:
Z3m(s, r) = Ae
−sr
[
1 +
6
sr
+
15
s2r2
+
15
s3r3
]
+ (42)
+Besr
[
1− 6
sr
+
15
s2r2
− 15
s3r3
]
−
−A0e−sr
[
sH
2
r2 +Hr +
3H
2s
+
3H
2s2r
]
+
+B0e
sr
[
sH
2
r2 −Hr + 3H
2s
− 3H
2s2r
]
.
For the solution (42) similar comments to the ones made for (40) can be
done. Note that the terms proportional to Hr2 have the same coefficient
for both (40) and (42). In the general case with ℓ > 2, we have always the
corrections starting from the term ∼ r2 up to the term ∼ 1/rℓ−2.
7 A preliminary study of the polar perturbations
Polar perturbations, as well known, are much more involved with respect to
the axial case. We have at our disposal seven equations for the four vari-
ables N,L, T, V . In the Minkowski case [12] (and also more generally) only
four equations are independent. However, as shown in the sections above,
in the presence of Λ we have a mixture of retarded and advanced perturbed
coefficients and to have a solution in a closed form, we need of more than
four equations to be managed. In the following we show that this is the
case.
To start with, we consider the Einstein’s equations for the components
(t)(r), (t)(θ), (r)(θ):
s [L(s, r)− T (s, r)− rT,r(s, r) + (n+ 1)V (s, r) + r(n+ 1)V,r(s, r)] +
+rHN,r(s, r) = 0 (43)
s [L(s, r) + T (s, r)− V (s, r)] = 2HN(s, r) (44)
rN,r(s, r)−N(s, r)− L(s, r) + r [T,r(s, r)− V,r(s, r)] = 0. (45)
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Equations (43)-(45) do not involve retarded or advanced functions and thus
provide three independent equations. A key equation is the (44). The impor-
tant fact is that (44) is an algebraic equation also for H 6= 0. Hence, the (44)
allows to obtain T (s, r) as a linear algebraic function of L(s, r), V (s, r), N(s, r).
As a result we have the two independent equations (43) and (45) in terms of
the three variables N(s, r), L(s, r), V (s, r). We need of a third independent
equation to assure the integrability of the polar equations in a closed form.
For the remaining equations we have: for the component (θ)(θ)− (φ)(φ):
(s− 2H)V (s− 2H, r) [s+H] = (46)
= V,r,r(s, r) +
2
r
V,r(s, r) +
L(s, r) +N(s, r)
r2
,
for the component (t)(t):
3r2H2N(s− 2H, r)− r2H(s− 2H)L(s − 2H, r)− 2r2H(s− 2H)T (s − 2H, r) +
+2r2(n+ 1)H(s− 2H)V (s − 2H, r) = (2 + n)L(s, r) + rL,r(s, r) + nT (s, r)−
−3rT,r(s, r)− r2T,r,r(s, r) + r(n+ 1)[rV,r,r(s, r) + 3V,r(s, r)], (47)
for the component (r)(r):
r2N(s− 2H, r)H [s+H]− (48)
−r2(s− 2H)T (s − 2H, r) [s+H] + r2(n+ 1)(s − 2H)V (s− 2H) [s+H] =
= (n+ 1)N(s, r) − rN,r(s, r) + L(s, r) + nT (s, r)−
−rT,r(s, r) + r(n+ 1)V,r(s, r).
Finally, for the component (θ)(θ) + (φ)(φ) we have:
2r2HN(s− 2H, r) [s+H]− r2(s− 2H)L(s − 2H, r) [s+H]− (49)
−r2(s− 2H)T (s − 2H, r) [s+H] +
+r2(n+ 1)(s − 2H)V (s− 2H, r) [s+H] =
= 2r(n+ 1)V,r(s, r) + rL,r(s, r) + (n+ 1)L(s, r) + (n+ 1)N(s, r)−
−2rT,r(s, r)− r2N,r,r(s, r)− r2T,r,r(s, r)−
−rN,r(s, r) + r2(n+ 1)V,r,r(s, r).
Equations (46)-(49) describe a complicated system involving advanced per-
turbed metric coefficients. Nevertheless, notice that in the first members of
the (46)-(49), the advanced coefficients N,L, T, V do appear algebraically
without partial derivatives with respect to r. We can advantage of the alge-
braic equation (44) to obtain T (s−2H, r) as a function of N(s−2H, r), L(s−
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2H, r), V (s − 2H, r). The expressions so obtained must be substituted in
the (46)-(49): we obtain a linear system of four equations in the three un-
known functions N(s− 2H, r), L(s − 2H, r), V (s− 2H, r). We can thus use
the independent equations (46),(47),(49) to solve algebraically the functions
N(s − 2H, r), L(s − 2H, r), V (s − 2H, r) in terms of N(s, r), L(s, r), V (s, r)
and their partial derivatives with respect to the radial coordinate r. Finally,
the expressions so obtained must be inserted in the equation (48). Hence
we have three independent equations, (43), (45) and (48)6, in terms of non
advanced (and retarded) functions and solution can be obtained in a closed
form. The expressions involved are quite cumbersome and not illuminating
and we leave to a further paper a study of these equations.
8 Conclusions and final remarks
Since perhaps we live in a Friedmann flat universe, it is urgent that we un-
derstand the theory of (at least) linearized gravitational waves propagating
in an expanding universe. To this purpose, we have considered the simple
but physically relevant case of a linearized gravitational wave propagating in
an expanding de Sitter universe. Quite recently, in [11, 12, 13, 14] the study
focused on the effect caused by an expanding universe and on the correct
asymptotic conditions suitable to identify a gravitational wave. Also in [15]
the main purpose has been the study of the observable effects due to Λ on
the detection of gravitational waves. These studies conclude that the effect,
thanks to the actual small value for Λ, are completely negligible, but in a
non-static non-asymptotically flat background using the analysis performed
in a static asymptotically flat scenario is generally no longer applicable.
Moreover, in [15] has been shown that the use of the Bondi-Sachs formal-
ism makes it possible to write down and solve the perturbations equations
in a de Sitter universe in frequencies space. Unfortunately, the de Sitter
background is a lucky case since in more general cosmological spacetimes
the Bondi-Sachs coordinates are at our disposal only numerically. Hence,
we need of other approaches that are, at least in principle, suitable for a
generalization by using usual comoving coordinates or coordinates adatped
to the sphericity. Moreover, in [16, 17] the authors derive the axial equations
[16] by using the conformal time coordinate instead of the cosmic time t, the
time we measure within our cosmoving galaxy, to test the Huygens principle
in particular in a dust filled and radiation dominated universe. Our purpose
6Note that these are the three independent equations used in [7] to integrate the polar
equations in the Minkoskian case.
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is to derive the Regge-Wheeler equation for axial mode in the frequencies do-
main with respect to the cosmological time t and to study the effects on the
propagating waves caused by the cosmological constant. To this purpose,
we shown that the use of the Laplace transform with respect to the cosmic
time t (the time we measure in our galaxy) makes the job. First of all, the
Laplace transformed axial and polar perturbations are functions of retarded
and advanced metric coefficients with respect to the Laplace parameter s. In
the axial case, we remarkable obtain, for the first time, a generalized second
order diferential equation in the usual comoving coordinates and in the fre-
quencies domain as a function of the advanced Regge-Wheeler function that
for H = 0 reduces to the usual one in a Minkowski perturbed background.
The fact that the so obtained Regge-Wheeler equation presents a coupling
between Z(s, r) and Z(s− 2H, r)) implies that, although the observable ef-
fects on the detection of a gravitational wave can be negligible for the actual
very small cosmological constant, as shown in [11, 12, 13, 14], non trivial
mathematical and physical issues can arise. Moreover, section 5 is an at-
tempt to study the physical meaning of the complex parameter s. According
to our reasonings, a positive abscissa of convergence s0 = 2H = Infℜ(s) im-
plies a change of frequency as perceived by a comoving observer. In practice,
the scale factor e2Ht acts as a translational term in the Laplace language and
as a consequence a shift term with respect to the frequancy ω does appear.
Stated in other words, the expansion factor e2Ht generates a new redshift
effect on the frequency ω given by the (24).
Remember that a perturbation Laplace transformable with s0 = 0 is also
Fourier transformable and the comparison between Laplace and Fourier
modes is easily obtained in the limit s0 = 0. Conversely, a Laplace trans-
formable perturbation with s0 > 0 is no longer Fourier transformable and
direct comparison it is no longer available.
For ω ∼ H, the traveling wave is practically frozen as seen by a comov-
ing observer. This result can be compared, as explained in section 5, with
the usual results present in the literature concerning the modes during pri-
mordial inflation in terms of the proper wavenumber k/a(t). In fact, note
that the quanta composing a gravitational wave are massless gravitons with
wavenumber given by |k| ∼ 2π/λc with λc the comoving wavelength related
to the proper wavelength λp by the usual relation λp = a(t)λc. For massless
gravitons we thus have, thanks to the (24):
ω2p = ω
2 − 4
3
Λ =
4π2
λ2p
. (50)
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From the (50), it follows that, for λp >> 1/H (super Hubble horizon modes)
we have ω ∼ 2H and ωp = o(H) = o(
√
Λ). For the actual very low value for
Λ for these modes we practically have ωp ≃ 0, i.e. the modes are practically
frozen and near a Bose-Einstein condensate phase. Conversely, modes with
λp << 1/H have ω >> H and as a result ωp ≃ ω, i.e. modes well within
the Hubble horizon practically do not feel the exponential expansion of the
universe. All these facts, as indicated in section 5, are in agreement with
well known results in a de Sitter universe. An advantage of our approach is
to obtain a shift effect on the frequencies space as measured with respect to
the proper comoving time t.
This fact open the possibility, as discussed in section 5, that the cosmo-
logical constant is made of gravitons at a mean frequency ω of the order of
H [23].
Also the polar perturbation equations are studied. We have shown that
the system of seven equations allows, after simple but lenghly calculations,
to express the relevant equations in terms of N(s, r), L(s, r), V (s, r).
Our formalism also open the possibility to study the problem of quasi-
normal modes of a generic astrophysical source emebedded in a Friedmann
universe in a similar way to the approach present in [2]-[9]. The complex pa-
rameter s can be obtained by solving a suitable eigenvalue problem. The real
part of s represents the frequency of quasi-normal modes with the Infℜ(s)
representing the eventual shift contribution for the frequency perceived by
distant comoving observers.
It should also be mentioned the fact that our formalism might allow the
study of fluctuations at the primordial inflation in the frequencies space.
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